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We study the perturbation of the uniform stream behind an oblique shock wave that
simultaneously diffracts with an incident wave,  The deformation of the shock
causes the assignment on its shape of a relation in partial derivatives of the unknown
pressure perturbation, which determines the formulation of a Hilbert boundary-value
problem for an analytic function,

The classical "problem of ditfraction of a plane wave” (by a stationary wedge of finite
opening angle), which was solved in 1933 [1], is complicated by assuming that the wedge
moves through the gas at supersonic speed,

The problem was briefly considered earlier by the author [2]; an integral of Cauchy
type was used to construct its solution, It proves to be convenient here to use the gene~
ralizatfon obtained by the auathor [3] of the solution of a diffraction problem that was
constructed in [4, 5]; on it are based the considerations and calculations of the pressure
distribution of the wedge surface that are contained in the present paper,

For the special case of a thin wedge moving at hypersonic speed, when Lighthill'
solution can be used, the examination was carried out in {6, 7], Conditions under which
interaction is realized without diffraction were indicated in [8]; the analysis performed
in [9] was devoted to their small perturbations,

1, Plow field, A wedge of finite opening angle 3 moves with supersonic speed
Woo = Meas in a quiescent ideal gas, forming an attached oblique shock wave that
forms an. angle o ‘with its symmetry plane, At the instant ¢ = ¢ it meets the front of
a weak plane pressure jump that is propagating through the same gas with a speed o
equal to the speed of sound and making an angle @ with the oblique shock front, The
resulting motion is self-similar, The magnitude & of the pressure jump in the incident
wave, referred. to the pressure in the quiescent gas, is chosen as the basic small parameter,

Considerations are carried out in the plane perpendicular to the edge of the wedge,
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where the shock plane and symmetry plane of the wedge are represented by a shock line
and symmetry line,

A typical picture of the flow arising for £ > 0 is shown in Fig,1, The gas particle
lying at the tip of the wedge at ¢ = O is displaced along the surface a distance Ma,t,
if a,is the speed of sound and Ma, the supersonic speed of the stream relative to the
wedge in the region between the wedge and the oblique shock wave (region I in Fig, 1),
"This particle is the center of the

Mach circle, which is the leading
edge of the resulting perturbation,

The flows of the two sides of the
symmetry line are independent,
The oblique shock wave is a
straight shock relative to the gas
in regions 0 and I (Fig,1), pro-
pagating through them with super-
and subsonic speeds respectively,
Therefore the resulting perturba-
tions cannot penetrate into region

0,but they necessarily reach the
shock on the side of region 1 and,
superimposing on one another,
cause its weak distortion in the
section between the points of inter-
section of the shock line with the
Mach circle,

However to formulate the bound-
ary-value problem on the basis of
the smallness of the perturbations,
the boundary of the diffraction

Fig. 1 region is taken as the section A BC
of the undisturbed shock, and also
the section DEF cut off of the wall by the Mach circle, together with its ares A F and
CD.

The incident wave and the oblique shock, interacting, are refracted at the point of
intersection L of their fronts by the finite angle §, and the small angle 82 .Tespectively,

An examination of such an interaction of shock waves is contained in the work of the
author [10]; here it is necessary only to mention that regions 3 and 4 between the
fronts of the refracting waves are divided by the line LE of tangential discontinuity,

The front of the refracted wave either touches the arc FA at some point G, or is
reflected from the wall so that this arc is touched at the point G by the reflected front,
as shown in Fig,1, Finally, it is possible that the wave that reflects from the wall inter-
acts for a second time with the oblique shock wave, for a second time the refracted wave
is reflected anew from the wall, and so on, In all cases, along the arc FA are adjoined
to the diffraction region ABCDEFA two regions of uniform flow divided by a weak
wave,

The cases also yield to examination in which the normal velacity of the front of the
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incident wave has a component in the direction of motion of the wedge, but diffraction
will take place only under conditions such that the point of intersection of the continu-
ation of the undisturbed incident front with the symmetry line moves faster than the
wedge €8¢ o => M, where X = @ +- « is the angle of inclination of the incident
front to the symmetry line,

From geometric and kinematic considerations it is not difficult to determine the angle
§, of refraction of the incident wave at point L

85 = ¢ — arcsin [h=2(h* — mi 4 Vh® =1)]

Here

]/hx (14 M, siny)*+ M2sin® @ — 2k M sin @ (1 + M _siny)cos v
sin ¢

Ry = ax/ay = (- 1)Mch[2xMcz—(x- N2 4 (v —1) M 2]
M, = Moosina, m=Msiny, tv=a-—-3

h =

The position of point G is fixed by the angle ' = n/2 — 9y — @ + §;. The inci~
dent wave produces in region 2 behind its front a motion of the gas with speed w, and
changes the speed of sound and density there, The values of these quantities are deter-
mined by the equations [11]

ED, ge(n—1)po &P

w= y Qg = Qo 2a_p ’ Pz=Pao+a2
[e.elife o] 00

(1.1)

aQ’JOOO
Here % is the polytropic exponent, and the subscript -o corresponds to region 0.
With respect to the gas in region 0 the oblique shock wave is a plane shock wave
propagating with speed {/ and inducing behind its front motion of gas of density pl and
pressure p, with speed V; the quantities p,, p; and V are [4, 117:

)

—1 . 1 2t \ 71
D= (Uz &2.4 .aooz)’ P = +1 Pw(1+ — Uz)
) a2
V_—j_TU(i—%‘;—), U = M 20 = Musaossin o (1.2)

Reverting to the real flow, it is necessary to bear in mind that in spite of the assump-
tion of small intensity of the incident wave the scheme described may not always be
adequate, since for large angles ¢ the interaction can lose its regular character; the
same is true of reflection of the wave from the wall,

For near critical values, reflection and interaction of the waves induces nonlinear
effects [12], However in a wide range of determining parameters the critical angles
between the incident front and the wall will, because of its refraction by interaction,
be greater than for diffraction from a stationary wedge. The large number of determin-
ing parameters does not permit indicating this range in advance; for each specific case
orientation in this question is achieved with the aid of the work [10], which presents the
limits of regular reflection and interaction,

2, Formulation of boundaryevalue problem, In the plane perpendi-
cular to the edge of the wedge it is convenient to associate a system of dimensionless
rectangular coordinates with the gas particles in region I (cf, Fig. 1), locating its origin
at point £ and directing the z-axis perpendicular and the J-axis parallel to the line



Diffraction of a plane wave by a wedge at supersonic speed 207

of the undisturbed oblique shock, The coordinates z, y may be regarded as obtained
from the physical coordinates z', y,t according to the equations
=2z lat,y =y /at.
For the dimensionless perturbation pressure, density, and components of gas velocity
along the - and y-axes,
p=plpa’, p=91p, u=ula, v=11/q
where p’, p’, u’, v’ are the dimensional perturbations, the equations of plane unsteady
self-similar gas motion have, after elimination of the function p., the form [4, 13]
op , dp — ou ov du ou 6p av ov
ToE TV T T Tty = x‘a?+yd—1,—~“ (2.1)
Conditions on the weakly distorted shock with equation of the front £ = m+ ),

where f (y) is of order ¢, give together with (1,1) the following expressions for the
pertu:bations :

co —1 —1
b= —r [(1+M-=><f—yf>+ E(Sﬁf}—”z cosq)_fﬁc_)]
o . 14 2Mc a., _
U"—“‘—le’—{-%S!n(P (M1==—El~=m—al—(1—Mc 2)) (2.2)

p=n_:1 ;j:f [(M (f — (M 008 @ + e . _uzi)J

On the surface of the wedge, a condition on the normal derivative dp / dn = 0 is
obtained from the third equation of the system (2.1). On the section GF of the arc FA
(Fig, 1) the pressure perturbation is either double compared with that in region 3, or is
absent if the front of the refracted wave touches the Mach circle without reflection
from the wall, From (1,1) it follows that

ug = cos (p — 83)ps, v = sin (p — &;5)p; (2.3)
where the subscripts 3,4, and (later) § refer to perturbations, The property of the line
of tangential discontinuity leads to the condition

(3 — us) VRT — m?* = (v, — v5)m (2.4)

After substitution of f(y) = — (y + V k¥ — m?)8,, which corresponds to the section
AL of the oblique shock, the relations (2, 2) together with (2, 3) and (2,4) form a system
of linear equations for the quantities 8,, Ug, Uy, g, v4and pg = p,. The equations
giving their solution are omitted because of their awkwardness, The same relations (2. 2),
after substitution of f (y) = (y—M cos y)d,, corresponding to the section NC of the

oblique shock, determine the unknown perturbations along the arc CD (in region §),
The quantity §, is determined by the relation

6, = MoosinZa[tga— tg B (”—'

1 sin2x 2
T2 costB [t' a<

H-—tgB[3tg%a( m)+1+’”;1 M2 —2tga (Mo2—1)

obtained from the perturbations from the equation expressing § in terms of My, and o

! tgta J- ”_’*z'i_)] HM' —

— M) +1 425wy
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[11], The quantities M’ and f’ are easily found by means of Eq, (1.2)

’ . —1 ’ CO
M =%(smx-—u 5 Moo), B =_ZM:C

Note 2,1, The values of the quantities p, = p, and §, can be determined exactly
by means of the paper [10], and the quantities §; and psby means of Eq, (1,2) and the
equations of the work [14],

38, Reduction to Hilbert problem, It isknown [1, 4, 13] that the system
of equations (2,1) is, after elimination of the functions u and », introduction of the polar
coordinates r and § (r = rcos @, y = r sin@), and transformation of the radius
vector r = 2R / (1 -+ R?), transformed to the Laplace equation for the function p
inside the unit circle, Smyrl showed [13] that a contact discontinuity does not invalidate
this transformation, because the second derivative of p normal to it remains discontinuous,

The boundary of the diffraction region is thus deformed only on the section AC of the
straight line r = m sec @, which transforms into the circle 2Rcos@ = m (1 + R?),
intersecting the circle R = 1 orthogonally in the points 4 and C . The boundary con-
ditions on this circle lead to condition on the single function p, obtained from the sys-
tem (2, 2) with the aid of the first two equations (2,1) [3, 4, 5]

(0p/on)/(0p/ds) = (Amtg® — Betg8)/ Y1 — m?sc?0 (3.1)

A=M02+1( 26 M 2 — (x — 1) )r/, pxtt M2t
2M 2 SF(x—1) M2 T2 i —nMzE

Here n and s are coordinates along the outer normal and tangent to the contour of the
diffraction region in the vatiables R, 6.

From consideration of Fig. 1 it is evident that a linear~fractional transformation, which
moves points 7 and 2 to the origin and infinity, respectively, transforms conformally
the diffraction region in the plane { = R expi@ onto the concentri¢ semi-ring, since
the circle 2Rcos§ = m (1 4 R?) and the diameter DEF are orthogonal to the
straight line 7—2 and the unit circle, which cross on rays coming from the origin,
Multiplication by a constant and subsequent taking of the logarithm of this transformation
in superposition determine the function

_ g L—expits 0p—0, Oy=arcsin M —y 3.9
2= T—expits 2 7 f,=mn—arcsin M-y (3-2)

and the rectangular region of diffraction in the plane z = ¢ - it
— =1

0<e<h o iy o= AWIVIET g

0<t<nm, 2 1+tgy YV MZT—1
The form of the reflected front is shown by the right vertical sidle ¢ = [ and the form
of the wall by the left side (0 = 0) . The relation 8¢ = 8¢ = '/pm — v and Egs.
(3.2) determine the point G in the z-plane

06 = Yyln {[1 — cos (0 —0,)] /11 —cos @ — 6]}, ¢ =0  (3.4)

Substitution of the inverse of the transformation (3,2) at (¢ = [)

tg 0 = myMlctgy (my— Mcost) /(M — mycosT), my= Vi—(M*—i) tgor

into the right side of (3.1) gives the condition on AC in the z-plane
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. tg ymiM V M® =1 (my— Mcost)sint (3.5)

0p/0n b(v) = Q@ T mmo*A (mo— M cos t)? — Bgiy (M — mo cos 1)? *

In the z-plane 0p/6s—- 0pldc on CD and FA, and dp/ds = dp/dt and dp/dn =
=0dp/ds on AC and DF. Therefore the conditions on CDFA , the assignment of
piecewise constant values of p on CD and FA and zero value of 0p/dnon DEF

can be written by means of the delta function as the single relation dp / 30 = p,6(z —
= %g), whose right side expresses the doubling of the pressure on passing through the point
G along the arc AF,

The function p must satisfy two more conditions, The first of them is obtained by
integrating with respect to y along the image of the shock front the relation obtained
from (2. 2), and the meaning of the second is clear at once from its writing; in the vari-
ables ¢ and T this condition has the form

"a dt "‘6
B§'£‘m=vs—v4, ng.;df=Pa—P4 (3.6)

Introducing the coefficients P, Q and § and letting P / Q = b (t)and § = 0 on
ACand P=1,Q = 0and S = p,8 (z — z5) on CDFA , it is possible finally to
represent the whole system of boundary conditions by the single relation Pdp / 96 —
— Qdp / dv = §, which sums up the formulation of the nonhomogeneous Hilbert
boundary-value problem for the function I' (z) = dp / d¢ — idp / 8+, analytic in the
rectangle (3, 3). '

4, Homogeneous problem, Method of Lighthill, The solution of the
homogeneous problem,obtained from that formulated in Sect, 3 by supposing that S =0
everywhere on the contour, is denoted below by I, (z) = dp° / do — -idp° / v and
is assumed continuous in the region (3. 3) up to and including the boundary,

It can be verified that from (3, 5) is obtained the representation for the argument of
Ty (z) on the image AC of the distorted section of the reflected front

4 D
arg Ty (3) = 2 arctg (E, tg %—)\ (4.1)

j=1

Ei30= V(M +-mg) ] (M — my) (Dy,3 1 VD1,22 —1)

D, i—=—m+ Vi—m?—4mB ((1—m?) A—mB)|
Lz ™ 2[(1 —m? A— mB

The function I'y () is found as the product of a constant subject to determination and
of the functions analytic in (3,3) 'y (z) = cA (z) L (z), where argA (z) — 2m is equal
to the right side of (4,1) on AC and zero on'CDFA, and argL (z) is equal to 2% on
AC and 3m/ 2 and 7 / 2 respectively on the parts of the section CDFA: from point
C to the point z = z, and from point » =z, to point A.

It is not difficult to show that the Fourier sine series for the function argl'y (I + im) -
— 27 in the interval 0 << T << &t obtained from (4, 1)
co . N 1 . Ej —1
Zg,,smn'c, p=—n <4—-§1F1), Fj:E—"ii_

n=1
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is equal to ImInA (I + it) on AC and zero on CDFA if we set

A (2) = exp Z gncschnlchnz

n=1
The general term of the series under the exponential has the bounds (on the real part)
|g.chnacosnteschnl | < |g,[chnscschnl<4|g,|exp[— n(l— o))

since [, n>0 and ¢ 2> 0, and therefore shnl > 1/4e" and ¢hne << e ; it is dom-
inated by the geometric progression with ratio e~(~%), The imaginary part has just the
same bounds, This shows the uniform convergence of the series to an analytic function
in any closed region consisting of internal and boundary points of the rectangle (3, 3),
except for points of its right-hand vertical side,
Following Lighthill we may represent the function A(z) on the contour by infinite
products, On the image DF of the wall
(4.2)
A(it) = H - 2q 2 cos T 4 g2n+1)d H(i — 2q 2 Fjcos T+ gn+1F;2)71]
n=0 J=1
The expression A(0) for points of the image of the Mach circle differs only in having
the quantity chg in place of cosT in (4,2), On the image of the reflected front AC
we obtain the expression
OO' 4
A+ iv)) = H [(1 —2¢"cosT 4 g*")* H (1 —2¢"F;cost 4 ¢*"F;*)1}
n=0 =1
where the prime indicates that the square root must be extracted from the first factor,
The conformal transformation of the rectangle (3, 3) onto the lower half plane

permits the function L (z) to be obtained at once, The points 4, C, D, F and z = gz,
are transformed into the points £ = 7 1, § = == & and §, (2,) of the real axis. The
quantities ¢, to §,are theta functions [15]; the quantity k depends on the quantity ¢

B=1—k VE =(1—2g+2¢ —28°+...) | (1 +2¢ + 2¢* + 2¢° + ...)

The function L (z), having the necessary piecewise constant argument along the real
axis, is conveniently written in the form

—iVF[E t—a(2)
L (z) = Ly (2) L, (2) Ly (2) = [@(2)— Eo(%0)] VoG 1100 (4.4)
The product of the first two factors generalizes the corresponding functions in Lighthill's
solution, In the limiting (y — () symmetric case the Fourier coefficients contain terms
generating a series converging to — lnL, (2); this factor is introduced to simplify the
expression for y == 0. On the sides DF, FA and AC of the rectangle (3, 3) the func-

tion(4,3) has the expression (4.5}
, AU : s (7,
im = — VERED, 80)= — VEig D), s0+im=VigEd

where Inglng’ = n?. Substituting (4. 5) into (4. 4) gives the boundary values of the
factors in the function L (z). For L,™ (z) and L,” (z) the result is obvious. For L, (z)
on DF, FA and AC we obtain the expressions
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Ly(iv)=—iVEgED, L, o) =i VEEED, Li(+im=VEged

At an arbitrary point of the rectangle (3, 3)
Li(z)=— iVEﬁs(_ iz, q) /84 (— iz q)

5., Solution, It is not difficult, having the function I'y (), to write the solution
of the original nonhomogeneous problem according to equations of a developed theory
[16, 17]; a simple test confirms its correctness

. 1 P& (Sg) 4
F(Z) - (D(Z) [ G Q(SG) E,(ﬁG)—O)(Z)—}_CLo (Z)] (5'1)
® (z) = A (Z) Ll (Z) L2 (z)
Here the derivative £’ is given by the equation [15]
2K k"1 (sg, 9") B2 (56 ¢
8 (36) = i 0 9% U 1) (5:2)

ak Vk a2 (sg 9)
2KIn = (1 + 2g+ 2¢* + 2¢° + ...)
Boundary values of (5.1) are given by the expression

- - 1 P&s’ (56) 1 .
I(0) = 0 ()| - & T sl el @)+ 26 00 (5.9

It follows from (5, 3) that along AC

d

%=—Im<D(l+zr){clw(l+n)—§o(Zo)l g )—a(z+n>} (5.4)
where

Im® (I +it) =Ly (I + iv) Ly (L + i) |[A (L 4 i7) | b (1) / VB (v) +- 1

_ g’ (56) 92 (56, 9")
* " n VE A©g) La (5g) B (3¢, 9')

All the functions entering here are real, and are determined in Sects, 3 and 4, Substitu-
tion of (5,4) and the quantity y = mtg0, with regard to (3. 4) and (3, 6) and with the
introduction of the notation

—ms M1(6,— & - i i
¢ = Vi m’B Al ) ’ \F(T)= |A(l_-1-z-r)|L.2_(l+tt)b(1:) y Co= Py — Pa
' ] V() +1901(v, g)
leads to a system having the solution (5.5)
B exls — cola — co(Tels — IsI,) 20(20) = — 1 als—cylh—co(IgIs — Isly)
= hli— LT PR VE ali—al—a(ldi— 1)
The integrals
L= Vi—'n’f“’ COY O 5 h=VT=m Sﬂz(‘ DY () -

I = {90, ) ¥ (@) de, I = | 8, (r,0) ¥ (1)
0 0
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T % 0¥mdr g [ (WD) _dr
Ii=) Zteg—tam = V1 ™) T —Em v

are determined numerically, Knowing &o (2o), it is possible to determine 2z, by means
of Eqs, (4. 5) and a table of theta functions, but this is not required for the solution ; it is
only necessary to substitute into (5.1) and (5. 3) the values of ¢ and E, (zo) obtained
from (5, 5).

Note 5,1. The a priori form of solution given in the work of the author [2] does
not reflect the presence of the third zero of function I'y on the boundary of the rectan-
gular region, A solution of the homogeneous problem that contains it is obtained by
multiplying the function I'y appearing there by the factor (0 — &,) / (0 — 1/ k)2
and then determining £, simultaneously with the constant multiplier under the same
normalizing conditions and in the same way as in the present paper,

6. Pressure on wall, The pressure distribution is determined by integrating
the partial derivative dp/dt along the image of the wall DF in the z-plane

] . . N ) . VEe ]
’a’:_ = — Im T (it) = A (i) L, (zr)m[c% (it) — ‘g@:gg(—,i)—
and calculating the coordinate r = | (Mcost — 1) / (M — cost) |, measured from

point £ along the wall in the direction of point F (for T<< arccos M) or in the
direction of point D.

0.20
P
427 1 ]
0./5\\ e
¥ 7” 4——4
0 ]
0’ JE——
/
“’”?
D £ F
Mjl -05 7 a5 /
Fig. 2

Figure 2 shows the results of calculations carried out for & = (0,1465, f = 15.5°
and My, = 2.207. The values of the angle ¥ .are shown on the graph,

It is seen how significant changes in the magnitude, and thus a displacement of the
extremal value of the quantity p to point D) and beyond it with increasing angle ¥ , is
associated with the position of the point 2,.



10,

11,
12,

13,

14.

15,

16,
117,

Diffraction of a plane wave by a wedge at supersonic speed 213

BIBLIOGRAPHY

Smirnov, V, 1., Course of Higher Mathematics, Vol, 3, ONTI, Leningrad and
Moscow, 1937,

Ter-Minasiants, S, M., The problem of diffraction of a plane wave by a
wedge moving with supersonic speed. Dokl, Akad, Nauk SSSR, Vol,154, N4, 1964,

Ter-Minasiants, S, M, , The diffraction accompanying the regular reflection
of a plane obliquely impinging shock wave from the walls of an obtuse wedge,
J. Fluid Mech,, Vol 35, pt,2, 1969,

Lighthill, M, J,, The diffraction of blast I Proc,Roy.Soc, A198, 1949,

Lighthill, M, J,, The diffraction of blast II, Proc,Roy.Soc, A200, 1950,

Inger, G, R., Interaction of a blast wave with a thin wedge moving with super-
sonic speed, Rocket Technology and Astronautics, N°3, 1966,

Inger, G, R,, Oblique incidence of a blast wave on a slender body flying with
hypersonic speed. Rocket Technology and Astronautics, N8, 1966,

Golubinskii, A, I,, Impingement of a shock wave on a wedge moving at super=
sonic speed, PMM Vol,28, N4, 1964,

Bezhanov, K, A,, Diffraction of a shock wave on a wedge moving at supersonic
speed, PMM Vol, 33, N4, 1969,

Ter-Minasiants, S, M, , Regular counter~interaction of plane shock waves,
J. USSR Comput, Math, and Math, Phys, Vol 2, N2, 1962,

Sauer, R,, Flow of Compressible Fluid, Izd. inostr, lit., Moscow, 1954,

Ryzhov, O,S, and Khristianovich, S, A., On nonlinear reflection of
weak shock waves, PMM Vol, 22, N5, 1958,

Smyrl,J, L., The impact of a shock wave on a thin two-dimensional aerofoil
moving at supersonic speed, ], Fluid Mech,, Vol 15, pt.2, 1963,

Briggs, J. L., Remarks on the calculation of oblique shock waves, Rocket Tech-
nology and Astronautics, N5, 1964,

Sikorskii, Iu.S., Elements of the Theory of Elliptic Functions with Applica-
tions in Mechanics, ONTI, Moscow and Leningrad, 1936,

Muskhelishvili, N, I,, Singular Integral Equations, Fizmatgiz, Moscow, 1962,

Gakhov, F, D,, Boundary-value Problems, 2nd ed, Fizmatgiz, Moscow, 1963,

Transtated by M, D, V, D,



